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I. INTRODUCTION
Rogue waves are one of those fascinating destructive phenomena in nature that have not been fully explained so far ͓1-3͔. There is a variety of approaches to deal with rogue waves ͓4,5͔. Oceanographers commonly agree that linear theories cannot provide explanations for their existence ͓6,7͔. Only nonlinear theories can explain the dramatic concentration of energy into a single "wall of water" well above the average height of the surrounding waves ͓3,8,9͔. Among nonlinear theories, the most fundamental is based on the nonlinear Schrödinger equation ͑NLSE͒ ͓6͔. If the fundamental approach allows us to give a basic explanation, then it can be extended to more general ones which take into account the two-dimensional nature of the problem, effects of the bottom friction ͓10͔, etc. Thus, starting from the simplest model is essential for understanding the phenomenon.
Scientists also agree that the initial process that leads to the formation of a rogue wave is modulation instability ͓8,11,12͔. In common understanding, small periodic perturbations lead to high wave periodic structures during evolution. Generally, perturbations do not necessarily have to be periodic. The appearance of single bumps is more likely when the initial conditions are random or have a specific form. One of the possible formation mechanisms for rogue waves is the creation of Akhmediev breathers ͑ABs͒ ͓10,13-15͔ that appear due to modulation instability. Then, larger rogue waves can build up when two or more ABs collide ͓16͔.
Rogue waves in the ocean are naturally born from random initial conditions. These conditions can later create a multiplicity of ABs appearing in all possible positions along the surface of the ocean. Double and triple collisions lead to the appearance of either high or giant rogue waves with amplitudes two or three times higher than the average wave crests in the surrounding area.
Rogue waves can also be observed in optics when propagating optical radiation in photonic crystal fibers ͓17,18͔. Until now, only randomly created rogue waves have been observed experimentally ͓17͔. The processes here are very similar to what happens in the ocean: we observe all random waves and then select only the highest peaks as prototypes of rogue waves.
Clearly, we cannot do much if we leave the creation of rogue waves to chance. On the other hand, preparing special initial conditions could be useful. Thus, the next question that we ask ourselves is the following: what are those specific initial conditions that lead directly to the appearance of rogue waves? Understanding this issue would be useful both in attempts to avoid rogue waves in the way of seafarers and in generating highly energetic pulses emerging from optical fibers.
Among previous approaches to this problem, we should mention the ideas of Pelinovsky and co-workers ͑see ͓19͔ and the book ͓20͔ for a review͒. Namely, starting the evolution from an initial sharp Gaussian or delta function leads to subsequent dispersion to smaller amplitude waves. Inverting the process in time would generate a high amplitude rogue wave from the initial conditions found in the direct process. However, having analytical expressions for the initial conditions and for the final results is more appealing from both mathematical and experimental points of view.
Understanding the nature of rogue waves can lead to a better way to suppress or generate them. In optics, we could then create them systematically and obtain high energy pulses each time when we want them. This work suggests a technique for creating rogue waves out of optical fiber devices.
As before ͓16,21͔, we deal here with the standard "selffocusing" NLSE. In dimensionless form, it is given by ͓22͔
where x is the propagation variable and t is the transverse variable. The notation here for the independent variables x and t is reversed in comparison with the convention taken in the classical work by Zakharov and Shabat ͓23͔. However, our convention is standard in the theory of ocean waves ͓9͔ and waves in optical fibers ͓24͔, so we use it throughout this paper. In each case, the function describes the envelope of the modulated waves, and its absolute value carries information about either wave elevation above the water surface or the intensity of an optical wave.
II. DOUBLE AND TRIPLE COLLISIONS OF ABS
ABs and their nonlinear superpositions can be constructed using a Darboux transformation scheme ͓16,25͔. We have studied collisions of two ABs constructed this way in ͓16͔.
Extending the scheme to cover triple collisions shows that the amplitude of rogue waves in this case can be much higher. A particular case is shown in Fig. 1͑a͒ . The parameters are chosen in such a way that all three ABs cross at a single point, thus leading to a local increase in the amplitude at this point to a value close to 7 ͑not seen in the vertical scale of the figure͒. This is a very special case, as generally the three ABs will intersect at three different points on propagation ͓see Fig. 1͑b͔͒ . Then the amplitude at each of these points will be much lower. This example shows that the collision of three ABs in a single point should be a rare event. If we want to realize such collision in practice, we need to create special initial conditions.
There is one more reason why high amplitudes are rare. In the case of Fig. 1͑a͒ , in order to have the maximum amplitude, the periodic structures in each AB have to be synchronized, i.e., all three ABs must provide constructive superposition of three ABs at the point of intersection. A simple triple collision does not ensure that the amplitude would be the highest. This reason further reduces the probability of appearance of rogue waves with the highest possible amplitude. The requirement of phase synchronization is valid for double collisions as well. Nevertheless the chances of double collision of ABs with the highest amplitude are still higher of course.
If we consider the wave disturbance ͑with amplitude around 5͒ at the intersection of two ABs, each with l i Ϸ 1, then we can refer to it as a strong rogue wave. It resembles a j = 2 rational solution ͓21͔. If the rogue wave is a wave disturbance produced by the simultaneous collision of three ABs, with an amplitude close to 7 ͑i.e., j =3͒, we can call it a superstrong rogue wave. Higher-order collisions are progressively less likely although not completely impossible.
With regard to ocean waves, even a single AB by itself is a rogue wave ͓14͔. We showed ͓16͔ that a low-order rational solution of order j has amplitude 2j + 1. Furthermore, a single AB with eigenvalue l r + il i has infinitely many peaks in a line and each has amplitude 2l i + 1. The first-order rational solution can be viewed as the limit of the AB with l r → 0 and l i → 1, so it has a single maximum with amplitude 3.
A single AB in an optical fiber has previously been observed by Van Simaeys et al. ͓26͔ . In that case, single frequency modulation of cw radiation was enough to generate that effect. Hence, generating a single AB is relatively simple. To observe double and triple collisions requires much more complicated initial conditions. Indeed, generation of three ABs simultaneously in Figs. 1͑a͒ and 1͑b͒ requires special efforts. Although the solution can be expressed analytically, it is clear that, experimentally, creating these collisions would be hard to arrange. Thus, in this paper we give a simple analysis to show what kind of initial condition is needed to create strong and superstrong rogue waves in optical fibers.
III. TWO TYPES OF ABS
In contrast to ordinary solitons, ABs with nonzero velocities can be obtained in two different ways. First, we can start with the zero velocity one-parameter family of ABs ͓27,28͔,
where ␦ 1 = 1 1 and 1 =2 ͱ 1− 1 2 , which has purely imaginary eigenvalue l 1 = i 1 ͑real 1 is the parameter of the family͒ and apply the Galilean transformation to it,
Clearly, the solution obtained this way will also be a solution of the NLSE. It is shown in Fig. 2͑a͒ . The main feature of this solution is that all maxima of the AB are located on the line x = 0, as they were without the Galilean transformation. The only difference is that the ridges are now tilted in the ͑x , t͒ plane. However, the plane wave background for this solution propagates in a direction that does not coincide with the x axis. On the other hand, if we want to study collisions of several ABs, we have to use a common background for all of them. Thus, we cannot use a Galilean transformation to rotate ABs, as is usually done with soliton solutions. The result will not be the same as when using complex eigenval- ues from the beginning. This essential difference between ABs and soliton solutions of the NLSE is crucial for the discussions that follow below.
If we use a complex eigenvalue from the beginning of the derivation of an AB, we obtain a different AB. ͑For details see Appendix A in ͓16͔.͒ This is shown in Fig. 2͑b͒ . Now, the line of maxima of the ABs is tilted with respect to the line x = 0, but, in contrast to the previous case, the elongated ridge associated with each peak seems to be in line with the propagation direction. The background plane wave here is propagating along the x axis, thus allowing us to construct a nonlinear superposition of different ABs on a common background.
Thus, in the second case, an AB is a periodic sequence of individual peaks located along a tilted line. We can define the velocity as the tangent of the angle between this line and the t axis. Curiously, the velocity does not coincide with the real part of the eigenvalue, but it is related to it. We consider a general eigenvalue l r + il i . As noted earlier, each peak in the line has amplitude 2l i + 1. We find that the resulting velocity of the breather, v b , is given by
where c =1+l r 2 − l i 2 and
We plot this in Fig. 3 . If l r and l i are both small, then
so the velocity is approximately linear in l r in these cases, as shown by the blue curve. If l i = 1, then b becomes 2 / l r and the velocity simplifies to
͑see red curve͒. We can also determine the periods, T x , T t , in the x and t directions, respectively. We find If l i = 1 and ͉l r ͉ is small, then
so the periods approach infinity as l r → 0, and we arrive at a single peak at the origin. It is the j = 1 rational solution ͓21͔.
IV. SINGLE AB INITIAL CONDITIONS
The key question in studying ABs is how to excite them. Zero velocity ABs can naturally be excited by starting with modulation instability ͓27͔. The latter develops when a cw is perturbed with a cosine periodic wave. In the spectral do- main, a periodic perturbation corresponds to two symmetrically located sidebands around the central cw peak ͓27͔. The strength of the sidebands defines the distance along the x direction where the maxima of the AB appear. The modulation instability ͑MI͒ develops exponentially, so when the modulation is smaller, then the maxima of the ABs are further away in the x direction.
Naturally, in order to create ABs that propagate at a nonzero angle to the line t = 0, we should choose the two sidebands with a certain asymmetry. When one of the sidebands is stronger than the other one, the AB peaks will be located at an angle to the starting line. In particular, to have sidebands with considerable asymmetry, we can use a complex exponential function rather than a cosine one. The wave propagation evolution for the input ͑0,t͒ = 1 + 0.001 exp͑−it / 3͒ is presented in Fig. 4 . Indeed, this figure shows the creation of a single AB which propagates at a certain angle with respect to the line t =0.
We can control the velocity of the AB by controlling the asymmetry of the two sidebands. Specifically, by choosing a superposition of two complex exponentials, viz., ͑0,t͒ =1 + C exp͑−it͒ + D exp͑it͒, as an input function, the velocity of the resulting breather can be selected by an appropriate choice of the small initial real amplitudes C and D. The parameter is the frequency of the initial perturbation. It has to be inside the modulation instability gain curve for the instability to develop. Strictly speaking, these initial conditions create ABs to a certain degree of accuracy. The line of maxima of ABs with nonzero velocity always crosses the initial condition line, thus perturbing a simple exponential function. The problem is illustrated in Fig. 5 . As we can see from this figure, the initial modulation has to have a complicated amplitude component. However, for our aims, this mismatch is not dramatically important, as it will only create some additional radiation waves.
In order to create two or more ABs, like those in Fig. 1 , which eventually will collide, we can make a superposition of several exponential functions on top of a plane wave. We also have to take care of the phases of exponential functions, as the collision point has to coincide with the maxima of the two ABs. To be specific, we give a few examples below.
V. INITIAL CONDITIONS FOR CREATING TWO COLLIDING ABS
In this case, we need two pairs of sidebands so that we can excite two ABs. Thus, let us take as initial conditions the following:
where the frequencies ͉͉ and ͉Ј͉ are smaller than 2 to be inside the MI gain curve and A 1 and A 2 are two small real amplitudes to adjust so that we can control the initial ratio of the two perturbations and therefore the approximate distance at which the two ABs will reach their respective maxima. These conditions are highly asymmetric and they are expected to create two ABs, with different velocities colliding after a certain distance, x 0 . Figure 6 shows the peak amplitude versus the propagation distance for the initial condition ͓Eq. ͑6͔͒ with A 1 = 0.01, A 2 = 0.001, 1 = / 4, and 2 = / 2. We stress that we plot the maximum amplitude calculated for all values of t here. Two sets of peaks of different amplitude can be observed, corresponding to the evolution of two different ABs. At some value of x ͑x Ϸ 91.4͒ they collide and give rise to a high maximum which we define as a rogue wave. Having this example, we can, with some certainty, design the initial con- FIG. 4 . ͑Color online͒ Excitation of a single AB with nonzero velocity with a single sideband in the spectrum. ͑a͒ Periodic evolution of the peak amplitude. ͑b͒ Evolution of the solution from x =0 to x =60 ͓blue shaded area in ͑a͔͒. ditions that generate two colliding ABs with a high peak at the collision point. We can vary the small initial amplitudes and frequencies of the exponentials to generate their collision as the resulting rogue wave after the shortest possible distance, x 0 . Figure 7͑a͒ shows the evolution of the peak amplitude for three different values of A 1 and A 2 and fixed values of 1 =2 / 13.2 and 2 =5 / 13.2. The inset shows the position of these two frequencies inside the MI gain curve. For the case depicted by the solid red line, a high maximum is obtained as a result of a fully synchronized collision of the two generated ABs with the amplitude of the rogue wave being the highest possible for these frequencies. A contour plot of the evolution of this case from x =5 to x = 15 is shown in ͑b͒, where the location of the maximum is encircled with a dashed line. Due to the spatial periodicity of the two ABs, they can intersect at different points of their local maxima. Thus, the combined evolution is not necessarily periodic and does not necessarily produce a high peak. As mentioned above, the highest maximum can only be obtained when both ABs collide in such a way that their local maxima coincide at the same point of the plane ͑x , t͒. We describe this as an "inphase" or "synchronized" collision. Once we fix the amplitudes in the exponential functions, the probability of a high peak can be estimated using the principles of constructive interference. For example, for the peak to reach at least 90% of the maximum value, the probability is 0.15. In the two other cases shown in Fig. 7 by green dashed and blue dotted curves, either A 1 or A 2 is set to zero and only one AB is excited. Thus the curves do not reach such high maxima as before. Figure 1 shows clearly that increasing the number of ABs increases the chances of collisions with even higher amplitudes. The chances of triple collision are lower, of course, but not zero. A complete theory of initial conditions for multiple modulation still has to be developed. We give here ͑Fig. 8͒ only one example which involves six ABs generated by multiple initial modulation. The lowest frequency of this initial modulation is so small that even its sixth harmonic is located inside the MI gain curve. The lowest frequency ͑red solid vertical line͒ and its harmonics ͑blue dotted vertical lines͒ located within the modulation instability gain band are shown in the inset of Fig. 8 . In our simulations, we only had the lowest harmonic in the initial conditions. All higher harmonics were excited due to four-wave mixing process. The only parameter that we varied was the amplitude of the lowest harmonic. The amplitudes of the higher harmonics were dependent on the amplitude of the lowest one. Thus, all amplitudes can be considered as self-organized and controlled by the lowest order one.
VI. COLLISION OF MORE THAN TWO ABS
Without careful adjustment of the initial amplitudes and phases of these six harmonics, the synchronization of the collision of the ABs is left to chance. Using this chance, we can monitor the situation looking at the amplitudes of the high peaks. Any amplitude that is higher than 3 would be the result of a collision of two ABs, while any peak that is higher than 5 clearly involves the collision of three ABs. The curve shown in Fig. 8 clearly demonstrates that the amplitude of the rogue wave that is created is around 6, thus confirming the fact that it is the result of triple AB collision.
Generating rogue waves in numerical simulations by chance is not quite a satisfactory exercise. After all, we can FIG. 6 . Evolution of the peak amplitude when the initial cw has two harmonics of modulation. The high peak at the end of simulation is due to the in-phase collision of two ABs.
FIG. 7. ͑Color online͒ ͑a͒ Evolution of the maximum of the wave envelope when the initial cw is perturbed by two harmonics. The initial condition is written at the top of part of this figure. The inset shows the location of the two frequencies within the MI gain curve. The three curves are calculated for the set of amplitudes A i written inside the plot. Only one of these sets produces a rogue wave with a high peak ͑red solid curve͒. Its evolution in the ͑x , t͒ plane is shown in ͑b͒. present exact solutions in analytical form and show them accurately, as in Fig. 1 . However, creating initial conditions to generate those exact solutions is another matter. The unavoidable presence of radiation waves means that the process of generating ABs with nonzero velocities with simplified initial conditions is difficult. While we can have higher accuracy in the case of two ABs, the situation is hopeless when we deal with more than three ABs. In addition, it is very unlikely that exact initial conditions can be created in reality. In physics and in optics in particular, we deal with spectral harmonics of specific inputs and their amplitudes. Dealing with initial conditions at that simplified level may be sufficient to initiate experimental activity in the exciting area of generating rogue waves.
The stability of rogue waves is a natural question that is always posed when new nonlinear phenomena are considered. This question has many aspects. One aspect is the sensitivity of the peak amplitudes to small deviations of the parameters involved in this problem. Clearly, this problem is complicated and can only be answered on a step-by-step basis, considering each new perturbation separately. These studies are cumbersome and would require separate publications. The influence of third-order dispersion, selfsteepening, and a term related to the Raman effect has been considered recently in ͓29͔ with a positive answer: yes, there is stability. Other types of perturbations still need to be studied.
Finally, we should answer the following question: "are in-phase AB collisions structurally stable?" Namely, can any noise or small amplitude radiation waves destroy the high amplitude peaks found in this work? When we restrict ourselves to the integrable model such as NLSE in our case, the answer is yes, they are stable. According to the inverse scattering technique, for the NLSE, a general solution can be considered as a "nonlinear superposition" of elementary modes. The latter are ABs in our case. Hence, any additives in the form of small amplitude radiation may modify the peak profiles but cannot eliminate them. Although those peaks may seem to appear from nowhere, there is a high degree of inevitability in their appearance once the initial conditions are created.
VII. CONCLUSIONS
In conclusion, we propose initial conditions that lead to the generation of rogue waves in optical fibers. For ocean waves, the theory cannot be applied directly, as the dynamics in two dimensions is more complicated. On the other hand, modeling of waves in long narrow water tanks could confirm the basic features of our theory. Subsequent expansion of these ideas to the case of the Dysthe equations ͓30͔ would also be a useful application of our theory. In optics, the knowledge of initial conditions will help to generate rogue waves on purpose in order to produce high energy light pulses. We hope that this work will initiate experimental efforts in these directions. 
